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Abstract
We study the Cauchy-Dirichlet problems for the semlinear heat equations and
dissipative wave equations on the two dimensional exterior domain. We show the
L2-boundedness of the solutions for initial data in the Hardy space.
x1. Introduction.
Let 
 be an exterior domain in IR2 with a compact C2-boundary @
. Without
loss of generality we may assume (0; 0) =2 
. We will consider the Cauchy-Dirichlet
problem for a semlinear heat equation on the exterior domain 
: For a function
u = u(t; x) dened for (t; x) 2 (0;1) 
,





u = 0 on (0;1) @
; (1.2)
u = u0 on ft = 0g  
; (1.3)
where 3=2 < p <1 and the function W = W (x) is dened by
W (x) = 1 + jxj log(Bjxj); x 2 IR2; (1.4)
with a positive constant B such that Bjxj  2 for any x 2 
.
To explain our motive for studying (1.1), (1.2) and (1.3), we simply take a look
at the Cauchy problem of the linear heat equation
ut  u = 0 on (0;1) IR2; (1.5)
u = u0 on ft = 0g  IR2 (1.6)
and we observe the following fact.
Proposition 1.1 Let u0 2 L1(IR2) and u = u(t; x) be a solution to the Cauchy
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Proof. By the Fourier transforms on spatial variables of (1.5) and (1.6) and




where u^0() is the Fourier transform of the initial data u0. Then, the desired esti-




From Proposition 1.1, the solution u = u(t; x) of (1.5) and (1.6) may not be bounded
in L2((0;1)  IR2) for the initial data u0 in L1(IR2), in general. Our aim of this
paper is to get L2-boundedness of the solutions to the Cauchy-Dirichlet problem for
the semilinear heat equation (1.1), (1.2) and (1.3), if the initial data is taken in a
suitble space in the exterior domain 
 in IR2. The key point is the choice of the
initial data u0 in the Hardy spaceH1(
) (see the denition below, and compare with
[8], [9]). In [14] and [15], Miyakawa considers the Cauchy problems for the Stokes
equations and the Navier-Stokes equations and shows the L(H1;H1)-boundedness
for the solutions. Ogawa in [20], Ogawa and Shimizu in [21] prove that the inequalityZ t
0
kruk2H1(IR2)ds  Cku0k2H1(IR2)
holds for the solutions u of (1.5) and (1.6). From this inequality, we can directly
derive the L2-boundedness for the solutions of (1.5) and (1.6) in IR2. In fact, by the











Comparing with those estimates above, our main method to get this L2-boundedness
is based on only two ingredients, one is the usual Morawetz energy estimates (see
[16, 17]) and another one is the Feerman-Stein inequality, implying the duality
between Hardy space and BMO space. Therefore, our method is also easily applied
for the nonlinear dissipative wave equations in an exterior domain in IR2, showing
the L2-boundeness of the solutions. Using this method, Misawa, Okamura and
Kobayashi obtain the L2-boundeness of the solutions and the decay estimates of
the solutions when 2 < p < 1. For the nonlinear term jujp 1u, the number p =
2(= 1 + 2=n with n = 2) is the well known Fujita exponent, which is the threshold
number between the global in time existence for the small initial data and blowing
up in a nite time (see [5] etc.). In this paper, we treat the nonlinear term in (1.1)
in the case that 3=2 < p < 1 and obtain the L2-boundedness for the solutions,
which is somehow improvement of the results in [13]. The Fujita exponent for (1.1)
seems to be p = 3=2, because the decay rate of the nonlinear term in (1.1) is faster
than that of the nonlinear term jujp 1u.
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We will start with the denition of function spaces (refer to [4]) in order to state
our main results.








is nite, where r(x) = r
 n(r 1x) for r>0 and  is a smooth function on IRn with
compact support in an unit ball with center of the origin B1(0) = fx 2 IRn; jxj<1g.
The denition dose not depend on choice of a function .
We will use the Hardy space on the exterior domain 
 and BMO space.
Denition 1.3 (Hardy space on 
) f 2 L1(
) is said to be in H1(
) if and only
if ef 2 H1(Rn), where f is extended to all of IRn by letting f = 0 outside 
 and its
extension of f is denoted by ef . A norm on H1(
) is dened to be
kfkH1(
) = k efkH1(IRn):
Denition 1.4 (functions of bounded mean oscillation) Let f be a locally integrable
in IRn, that is f 2 L1loc(IRn). We say that f is of bounded mean oscillation (abbre-








where the supremum ranges over all nite ball B  IRn, jBj is the n-dimensional






The class of functions of BMO, modulo constants, is a Banach space with the
norm k  kBMO dened above.
We will prepare the decisive Feerman-Stein inequality, which means the duality
between H1(IRn) and BMO(IRn), (H1(IRn)) = BMO(IRn). For the proof, see [4].
Lemma 1.5 (Feerman-Stein inequality) There is a positive constant C depending




Also, we shall use the following Poincare inequality in IR2, which is proved by the
denition of BMO and the usual Poincare inequality in IR2. For the detail of the
proof, see [13] etc.
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Lemma 1.6 (Poincare inequality) For f 2 H1(IR2), the following inequality holds.
kfkBMO(IR2)  CkrfkL2(IR2): (1.8)
Now we recall the existence of a solution dened in the following. We shall use
the usual L2(
) space with the norm kfkL2(
) = kfk2, the usual Sobolev spaces
H1(





kfk22 + krfk22; kfkH10 (
) = krfk2;







and their abbreviation (f; g) = (f; g)L2(
) for f; g 2 L2(
).
Denition 1.7 A function u dened on (0;1)
 is called to be a weak solution to
(1:1), (1:2) and (1:3) if u belongs to the class C([0;1);H10 (
)) \ C1([0;1);L2(
))
and, satises the equations (1:1) in the distribution sense and the initial conditions
(1:2), (1:3) in the trace sense, respectively.
Our main result in this paper is the decay estimate for the nonlinear heat equa-
tions.






Then, there exists a weak solution u 2 C([0;1);H10 (
)) \ C1([0;1);L2(
)) to the
problem (1:1), (1:2) and (1:3) such that




hold for any t  0 where the positive constants C is independent of t.
x2. Proof of Theorem 1.8.
First we recall a special case of the so-called multiplicative inequality and the
Hardy inequality. Thoughout this section, the usual function space Lq(
) of q 
integrable functions on 
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Lemma 2.1 (The Sobolev and Hardy inequalities) For any f 2 H10 (
),
kfkq  Cs krfk2 kfk1 2 (2.1)
holds for any q  2 and a positive number  < 1 such that  = 1   2=q, where a
positive constant Cs depends only on q. It holds that fW

2
 Ch krfk2 ; (2.2)
where Ch is a uniform positive constant.
Remark. In the case that 
 = IR2, the Hardy type inequality (2.2) without a weight
is not valid for f 2 C10 (IR2), in general. In fact, take the function '(x) 2 H1(IR2)
so that '(x) = '(r); (r = jxj) and
'(r) =
8>>><>>>:
1 0  r  1;
r " 1  r  R;
 R 1 "(r   2R) R  r  2R;
0 r  2R:








The positive number ~" can be taken small if " is small and R is large and so, (2.2)
without a weight does not hold for 
 = IR2.
Therefore, in this paper, we only consider the exterior problem.
Proof of Theorem 1.8. We proceed the continuity method for the proof of our
decay estimates. Let u 2 C([0; T );H10 (
))\C1([0; T );L2(
)) be a weak solution to
the problem (1:1), (1:2) and (1:3) on a time interval [0; T ) for a positive number T .
By the local in time existence and the continuity in H10 (
) of the solution u(t) in
C([0; T );H10 (
))\C1([0; T );L2(
)), we may suppose that, for some positive number
K,
ku(t)k2  K I0 (1 + t) 1=2;
kru(t)k2  K I0 (1 + t) 1 (2.3)









jju(t)jj22 + jjru(t)jj22 = (F (u(t)); u(t)); (2.5)







jjru(t)jj22 = (F (u(t)); ut(t)): (2.6)































(1 + s)(F (u(s)); u(s))ds: (2.8)
















(1 + s)2(F (u(s)); us(s))ds: (2.9)
Set




We nd that w satises



























(F (u())d; ws(s))ds: (2.12)
We now make an estimation of the rst term of the right hand side in (2.12), that
is the one of main part in our argument. For this purpose, we extend functions u0
and w to all of IR2 by letting u0 = 0 and w(t) = 0; 0  t <1, outside 
 and denote
their extension by ~u0 and ~w(t), respectively. Employing Lemma 1.5, we deduce
j(u0; w(t))j = j(~u0; ~w(t))j  Ck~u0kH1(IR2)k ~w(t)kBMO(IR2):
From
k ~w(t)kBMO(IR2)  Ckrw(t)k2
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by Lemma 1.6, it follows that
j(u0; w(t))j  Cku0kH1(
)krw(t)k2: (2.13)
Next, we estimate the nonlinear terms in (2.7), (2.8), (2.9) and (2.12), by using the
a priori decay estimates (2.3). From Lemmas 2.1 and 1.8, it follows that








 CpsChKp+1Ip+10 (1 + t) p 1=2:




(1 + s)(F (u(s)); u(s))dsj =
Z t
0





We will estimate the second term in the right hand side of (2.9). Integrating by
parts on t, one gets Z t
0




















(1 + s)jju(s)=W 1p+1 jjp+1p+1ds:













The last term coming from the nonlinear term in (2.12) is estimated by Fubini ’s













= I1 + I2:
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where we use Jensen’s inequality in the rst inequality, and Lemma 2.1 in the second















(1 + s)1=2 pds sup
0<s<t
jjrw(s)jj2; (2.20)
where we rstly use the Schwarz's inequality, secondly, the Jensen inequality, thirdly,
Lemma 2.1 and, lastly, (2.3). Finally, gathering the estimates (2.13), (2.15)-(2.20)
with energy equations (2.7), (2.8), (2.9) and (2.12), we see that if p > 3=2, then
X(t)  `p(I0) + CpX(t)q; (q = q(p) > 1)
where `p(I0)! 0 as I0 ! 0 and
X(t) = sup
0<s<t














Thus, we arrive at our desired estimation.
x3. The nonlinear dissipative wave equations.
In this section, we study a decay estimation for a nonlinear dissipative wave
equation on the two dimensional exterior domain 
, that is an application of our
decay results for the nonlinear heat equations as before. Our nonlinear wave equation
of dissipative type considered here is





u = 0 on (0;1) @
; (3.2)
u = u0; ut = u1 on ft = 0g  
; (3.3)
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where 3=2 < p <1.
For the linear dissipative wave equations, in a view of the energy methods, Ikehata
and Matsuyama [9] was able to show a boundedness in L2((0;1) 
) of solutions
if initial data u0 + u1 satises kd(u0 + u1)k2 < 1 for d(x) = 1 + jxj log(Bjxj).
In this paper and [13], under the condition that u0 + u1 belongs to the Hardy
space H1 on 
 (see the denition above), we prove an L2((0;1)
)-boundedness.
Here we notice that any member of the Hardy space on IRn has an integrability
of L log(L) on IRn (refer to [11]). We also study deacy estimates of total energy
E(t) = 1
2
(kru(t)k22 + kut(t)k22) and ku(t)k2 for the dissipative wave equations if
initial data u0 + u1 2 H1(
). Then they decay like t 2 and t 1=2, respectively, of
which the decay rate may be optimal in comparison with that of the heat kernel and
the proof is also based on a boundedness of its energy of solutions (refer to [18, 19],
[7, 9, 10] and also see [12], [2], [8] for the Cauchy problem).
In [7], the same decay estimates is obtained for the semilinear dissipative wave
equation without the weight W in the nonlinear term and with initial data of com-
pact support. Instead the equation has the weight and the Hardy space regularity
of initial data is assumed here. In two dimensions, such polynomial nonlinearity as
in (3.1) is subcritical for the energy class by the Sobolev type inequality and the
natural critical nonlinearity is an exponential one (see [6] and [1] for the defocusing
and focusing cases, respectively). Here we would like to emphasize an eect of the
Hardy space regularity of initial data. The nonlinear wave equations on two dimen-
sional exterior domains will be studied elsewhere, as well as the nonlinear term of
critical growth for the energy class (for the Cauchy problem see, for example, [1, 6],
[22] and the references therein). The existence immediately follows from the local
in time existence result and the usual extension argument, once the decay estimates
of L2 and total energy of solutions are obtained for the nonlinear equation (3.1),
(3.2) and (3.3) (see [7, Proposition 2.2] and refer to [23], [22, Chapter 6]). Thus we
will study the decay estimates of L2(
), total energy E(t) and L2((0;1)  
) of
solutions. We proceed our decay estimations along those in section 3 of [13] for the
nonlinear dissipative wave equations for the (3.1), (3.2) and (3.3). Of course, the
main task here is to control the nonlinear terms.
Our result on decay estimations for the nonlinear dissipative wave equations is
the following:
Theorem 3.1 Let 3=2 < p < 1 and let initial data (u0; u1) 2 H1(
)  L2(
)
satisfy u0 + u1 2 H1(
) and
ku0kH1(
) + ku1k2 + ku0 + u1kH1(
) << 1:
Then, there exists a weak solution u 2 C([0;1);H10 (
)) \ C1([0;1);L2(
)) to the
problem (3:1), (3:2) and (3:3) such that




hold for any t  0 where the positive constants C is independent of t.
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To prove Theorem 3.1, we use the same methods as in the proof of Theorem
1.8. The main dierence between the proof of this paper and that of [13] is the
estimation (2:14) for the nonlinear terms. By using the estimation (2.14) in this
paper, we can show Theorem 3.1. (see [13]).
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